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Some new fixed point theorems in metric spaces

TRAN VAN AN AND LE THANH QUAN

ABSTRACT. In this paper, the main results of [13] are generalized. Also,
examples are given to illustrate the obtained results.

1. INTRODUCTION AND PRELIMINARIES

In the last fifty years, the contraction condition of Banach contraction
principle was generalized to many forms, see |2, 4, 10| for example. Also,
the metric space in Banach contraction principle was generalized to many
settings of generalized metric spaces. One of the most interesting ones is
the notion of a partial metric space introduced by Matthews [9]. Later,
many authors studied various types of fixed point theorems in partial metric
spaces, see [1] and references therein. But some authors showed that many
fixed point generalizations to partial metric spaces can be obtained from the
corresponding results in metric spaces, see more details in |5, 6, 12].

In [13], Samet et al. established new fixed point theorems on metric spaces
and then deduced analogous results on partial metric spaces. Then, many
fixed point theorems, including Banach contraction principle, Kannan fixed
point theorem, Reich fixed point theorem, Chatterjea fixed point theorem
in metric spaces and partial metric spaces were derived.

In this paper, we state some generalizations of the main results in [13].
We also give examples to illustrate the results.

The following notions and results are useful in what follows.

Definition 1.1. |8, Definition 3.1] Let X be a non-empty set and p : X x
X — [0, 400) be a function such that for all z,y,z € X,

(1) The small self-distance: 0 < p(z,z) < p(z,y).

(2) The indistancy implies equality: If p(z,z) = p(x,y) = p(y,y) then
x=1y.

(3) The symmetry: p(z,y) = ply, ).

(4) The triangularity: p(z, 2) < p(z,y) +p(y, z) — p(y,y).
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Then p is called a partial metric and the pair (X, p) is called a partial metric
space.

Remark 1.1. [7, Remark 1.5] Let (X, p) be a partial metric space. Then
p(z,y) = 0 implies x = y. The reverse implication does not hold. A simple
example of a partial metric space with non-zero self-distances is the set
X = [0,400) with p(z,y) = max{x,y} for z,y € X.
Definition 1.2. |3, Definitions 4-6] Let (X, p) be a partial metric space.
(1) A sequence {z,} is called convergent to x € X, written as lim z, =
n—oo
z, if lim p(x,,z) = p(z, x).
n—oo
(2) A sequence {z,} is called Cauchy if lim p(x,,zy) exists and is
,Mm—00
finite.
(3) (X,p) is called complete if each Cauchy sequence {z,} in X is con-
vergent to some x € X and lim p(x,,z,) = p(z, ).
m,n—00
(4) |11, Definition 2.1] A sequence {x,} is called 0-Cauchy if

lim p(zp,xm) =0.
n,Mm—00

The space (X, p) is 0-complete if each 0-Cauchy sequence {z,} con-
verges to some x € X such that p(z,x) = 0.

Lemma 1.1 ([7]). Let (X,p) be a partial metric space. Then the functions
dp,dm : X x X — [0,400) given by
dp(z,y) = 2p(z,y) — p(x, =) = p(y,y),
dm(x,y) = max{p(z,y) — p(z,z), p(z,y) — p(y,y)}
for all x,y € X, are metrics on X.
Lemma 1.2 ([7], Lemma 1.4). (1) A sequence {xy,} is Cauchy in a par-
tial metric space (X, p) if and only if {x,} is Cauchy in the metric
space (X, d,).
(2) A partial metric space (X,p) is complete if and only if the metric
space (X, d,) is complete. Moreover

A dp(zn,2) =0 <= p(@,2) = lm p(zn,z) = Lm p(en, om).

2. MAIN RESULTS
The main result of the paper is as follows.

Theorem 2.1. Let (X,d) be a complete metric spaces, ¢ : X — [0,00)
be a lower semi-continuous function and T : X — X be a map. Suppose
that for any 0 < a < b < oo, there exists y(a,b) € (0,1) such that for all
z,y € X,

(1) a<d(z,y) + o) +ey) <b
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= d(Tz,Ty) + ¢(Tz) + ¢(Ty) < v(a,b)M(2,y,T, ¢)
where
M(z,y,T,¢) = max {d(z,y) + p(z) + ¢(y), d(z, Tz) + p(z) + ¢(Tz) }.
Then T has a unique fized point x* € X. Moreover, ¢(x*) = 0.

Proof. Let zp be an arbitrary point in X. Consider the sequence {z,} C X
defined by x,+1 = Tx, for all n > 0. If there exists some ng such that
d(Tng—1, Tny) + ©(Tng—1) + @(zn,) = 0, then z,,_1 will be a fixed point of
T. So, we can suppose that, for all n > 1,

(2) 0 < d(@p-1,2n) + ©(Tn-1) + P(Tn).
First, we prove that
(3) nh_g)lo [d(l‘nfla Tp) + @(Tp-1) + 90(1‘71)] =0.

Indeed, if for some ng > 1, we have

(4) d(@ng—1, Tng) + P (Tng—1) +@(Tny) < d(Zngs Tng+1) +@(Tny) + @ (Tng+1)-
Put
a=d(Tny—1,Tne) + P(Tng—1) + ©(Tn,)
and
b= d(Tng, Tng+1) + ©(Tng) + P(Tng+1)-
From (2) and (4), we have
0<a = d(@ng-1,%ng) + ¢(Tng—1) + ©(Tn,)
< d(Tngs Tng+1) + @(Tng) + @(Tng+1) = b
From (1), there exists v(a,b) € (0,1) such that
(5) d(Tngs Tng+1) + P(Tng) + @(Tne+1)
< 7(a7 b) max {d(xno—h 33710) + o(Tne—1) + ‘P(xno)a
d(Tno—1,Tng) + P(Tno—1) + So(xno)}
= 7(a,0)[d(Tny—1,Tny) + P(Tng—1) + P(Tn, )]
< d(Tpg-1,%ng) + @(Tng—1) + ©(Tn,)

which is a contradiction to (4). So, for each n € N, if we put

On = d(Tn, Tnt1) + @(Tn) + @(Tny1)

then {0,} is a non-increasing sequence of positive real numbers. Hence,
there is r > 0 such that

(6) nlggo Op = nh_{glo [d(zn—1,20) + @(@n-1) + @(zn)] =T
Suppose to the contrary that » > 0. Then, for all n > 1, we have
(7) 0 <1 < d(n1,20) + Pla 1) + @(@a) < .
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From (1), there exists v(r,dp) € (0,1) such that

(8) d(xn; Tni1) + o(2n) + @(Tn11)

< ’7(7‘7 50) max {d($n717 xn) + @(mnfl) + @(vfn)»

d(wnfla xn) + @(-fnfl) + Sp(xn)}

= y(r,00)[d(zn—1,2n) + p(zn-1) + @(zn)].
Taking the limit as n — oo in (8) and using (6), we get r < y(r, dp)r which
implies that y(r,do) > 1. It is a contradiction. Thus r = 0 and (3) holds.

Next, we prove that {x,} is a Cauchy sequence in (X, d). Suppose to the

contrary that {x,} is not a Cauchy sequence in (X,d). Then there exists
¢ > 0 for which we can find two sequences of positive integers {m(k)} and
{n(k)} such that for all positive integers k,
9)  n(k) >m(k) >k, d(@m@), Tog) = € ATm), Tok)-1) < €
From (9), we have

(10) € A(T (k> Tn(k))
AT (k)s Tn(k)—1) + ATn)—15 Tn(k))
< e+ d(Tr)s Tnky-1)-

Taking the limit as £ — oo in (10) and using (3), we obtain

VANRIVAN

11 li =e.
On the other hand, we have

A(Tr(ky, Tm(k)) < ATpk)> Tre)+1) T AZn)+1> Tme)+1)

12
( ) + d(xm(k)+la :Em(k))
and
(13) A(Tr (k)15 Tmk)+1) < ATr)+15 Tngk)) + AT k) Tm(r))

A AT (k) T (k) +1)-
From (12) and (13), we get
| d(Zn (k)15 Tm(k)+1) — ATn(r)> Tm(r)) |
< d(@nky+1, Tnk) T ATmk)y+1 Tm(k))-
Taking the limit as £ — oo in (14), and using (3) and (11), we obtain

(14)

(15) Hm d(z )11, Tnry41) = €

From (3), we see that there exists M = sup 2¢(z,,). From (9) and (7), for
neN
all £ € N, we have

(16) € ATk Tn(k)) + P(@Zmr)) + P(Tnk))
ATm(k) Tn(ky—1) + ATnk)—15 Tn)) + M
€400+ M.

(VAR VANVAN
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Using (16) and (1), there exists y(e,e 4+ do + M) € (0,1) such that
(17) AT (k) 11> Tk +1) T P(Tn@)+1) + P (@mr)+1)
< (e, e+ 8+ M) max {d(@m k), o) + L(@m)) + ©(Tn)),
(T (k)> Tn(ky+1) + P(Tn(ry) + P(@ngr)+1) }-
Taking the limit as £ — oo in (17) and using (3), (11), (15), we obtain
e < (e, e+ 00+ M)e.

Therefore, y(e,e + 6o + M) > 1. It is a contradiction to the fact that
v(e,e+ 00+ M) € (0,1). Hence, we deduce that {z,} is a Cauchy sequence
in (X,d). Since (X,d) is complete, there exists 2* € X such that

(18) nh_}rrgo Tp =2,

Next, we prove that

(19) o) = 0.
From (3), we have
(20) Jim_p(2,) = 0.

Since ¢ is lower semi-continuous, it follows that
0 < ¢(z*) <liminf p(zy,) = lim ¢(z,) = 0.
n—oo n—oo
Then (19) holds.
Now, we prove that z* is a fixed point of T". Denote
I={neN:z,=z"}and J={neN:z, #z"}.
Since I UJ = N, at least one of I and J is infinite.

Case 1. I is infinite. We can find a subsequence {x,,} of {x,} such that
Tpp) = x* for all p € N. Since x,p)41 = Txyp) = T'2* and pliggo Tp(p)+1 =

x*, we have * = Tx*. That is, x* is a fixed point of T

Case 2. J is infinite. We can find a subsequence {x,,)} of {x,} such that
d(xp(p), ") > 0 for all p € N. Then, for each p, we can find 0 < A, < B,
such that
AP < d(xn(p)’x*) + @(xn(p)) + 90(55*) < Bp‘
From (1), there exists vy(Ap, Bp) € (0,1) such that
(21) d(xn(p)—&—lv T,I*) + So(mn(p)—‘rl) + @(Tm*)
< ’V(Ap’ Bp) max {d($n(p)a$*) + (P(xn(p)) + QO('T*)’
d(xn(p)vxn(p)Jrl) + (p(mn(p)) + ‘p(ajn(p)Jrl)}'
Note that, by (18), (19) and (20), we have

pli{go[d(xn(p),x*) +¢(Tnp) + (@7
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= lm [d(Zy(p)s Tnp)+1) T P(@Tnp) + @(Tnp)+1)] = 0.

P—00
Then taking the limit as p — oo in (21) and using (18) and (20), we have
(22) d(z*,Tz"*) + o(Tx*) < 0.
So d(z*,Tz*) = 0, that is 2* = Tx*. Therefore, x* is a fixed point of T'.

Finally, we prove that the fixed point of T" is unique. Suppose that y* € X
is another fixed point of 7', that is, Ty* = y* and d(z*,y*) > 0. Since
d(z*,y*) > 0, we can find 0 < a < 8 such that

a<d(@"y*) + e(@") + o(y) < 8.

From (1), we have
da, ") + (") +9(0")
de Ty*) +@(Ta™) + o(Ty")
a, B) max{d(z”, y") + o(z%) + p(y), d(z", Tz") + o(a7) + p(Tz")}
= (o, B) max{d(z", y*) + (") + @(y*), d(z", %) + p(z7) + (")}
= (o, B)d(=",y") + s@(x*) + o(y")]-

Then (o, f) > 1. It is a contradiction to y(«, 3) € (0,1). This proves that
the fixed point of T is unique. O

IA A
2

(
(
(
(
(

9

Remark 2.1. In 2010, Taskovi¢ proved general results for the existence,
not for the uniqueness, of the fixed point of a map 7' : X — X on some
topological space X [14, Theorem 3, Corollary 1]. Taskovié¢’s results are
very general but Theorem 2.1 may not be derived directly from them. For
example, put M (z) = M (z, Tz, T, ), that is,
M(z) =d(z,Tz) + p(x) + p(Tz).

From (1), if a < M(x) < b, then M(Tz) < v(a,b)M(z) < M(z). So, the
condition (M’) in [14, Corollary 1] is satisfied for x satisfying M(z) € [a, b],
not for all x € X.

Moreover, if M(z) € [a,b] for all x € X, then the condition (M’) in [14,
Corollary 1] is satisfied. However, we get

0 <a< lim sup M(T'z), lim sup M(T'z), lim sup M(T'z) <b

N0 i>n N0 >9n 00 i >2n+1
if the limits exist. So, M (¢) < lim sup M(T%z) or M(t) < lim sup M (T'z)
n—oo i>n n— oo i>2n

or M(t) < lim sup M(T"r) may not imply T(t) = t. Then X may not
N—=00 i>on+1

satisfy the so-called condition of local sup TCS-convergence [14, page 21].
From Theorem 2.1, we get [13, Theorem 2.1| as a direct consequence.

Corollary 2.1 ([13], Theorem 2.1). Let (X,d) be a complete metric spaces,
v X — [0,00) be a lower semi-continuous function and T : X — X be a
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map. Suppose that for any 0 < a < b < oo, there exists 0 < y(a,b) < 1 such
that for all x,y € X,

a < d(z,y)+ ¢(z)+e(y) <b
= d(Tz,Ty) + ¢(Tz) + ¢(Ty) < (a,b)ld(z,y) + ¢(x) + (y)].
Then T has a unique fixed point z € X. Moreover, p(z) = 0.

The following example shows that Theorem 2.1 is a proper generalization
of Corollary 2.1 for a map T" on a complete metric space (X, d) with some ¢.

Example 2.1. Let X = [0, 1] with the usual metric d, ¢(x) = 0 for all
x € X and

, ifxzel0,1);

Tr =
, ifz=1.

ol WN| —

Then (X, d) is a complete metric space and ¢ is lower semi-continuous. We
see that

1 1
d(TL,T1) 4+ o(TE) + ¢(T1) = '2 — 2’ +0+0=¢

1
(1) +e(3) +e) =5 -1/ +0+0=r.

Then Corollary 2.1 is not applicable to 7" and ¢ on (X,d). However, if
z,y € [0,1), then (1) obviously holds. If z € [0,1) and y = 1, we have

d(Tz,Ty) + p(T) + p(Ty) = d(Tw, T1) + (Tx) + (T1) = '; -3l=5
max {d(z,y) + ¢(z) + ¢(y), d(z, Tx) + o(x) + ¢(Tz) }
= max {d(z, 1) ( )+ (1), d(z, Tz) + o(x) + ¢(Txz) }
= -3}
1
> —,
= 4
If y€]0,1) and z = 1, we have
d(Tz, Ty) + o(Tz) + p(Ty) = d(T1,Ty) + o(T1) + p(Ty) = ‘; - :‘ = %

and

max {d(z,y) + ¢(z) + ¢(y), d(z,Tz) + p(z) + ¢(Tz) }
= max {d(1,y) + ¢(1) + ¢(y),d(1,T1) + (1) + ¢(T1) }
= max{|1—y\,|1 %H

5

g

Vv
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By the above, we see that (1) holds with v(a,b) = % Then Theorem 2.1 is
applicable to 7" and ¢ on (X, d).

The following example shows that we can not add both
d(z, Ty) + ¢(x) + ¢(Ty) and d(y, Tx) + ¢(y) + ¢(T'z)
to M(z,y,p) in (1), that is, we can not replace M(zx,y, ) in (1) by
M'(z,y,¢) = max{d(z,y)+ p(z) +@(y),d(x,Tz) + p(z) + ¢(Tz),
d(z, Ty) + ¢(x) + ¢(Ty), d(y, Tz) + o(y) + ¢(T2)}.

Example 2.2. Let X = [0,1] with the usual metric d and for each = €
X, put

)

1
3 if x £

0, ifx=—-.

Tz = p(x) =

N = DN =

Then (X, d) is a complete metric space and ¢ is lower semi-continuous. If
x =y =1, then d(z,y) + ¢(x) + ¢(y) = 0. Therefore, for 0 < a < b < +00
with a < d(z,y) + ¢(z) + ¢(y) < b, it does not occur z = y = 3. Put
1
n(a,b) = inf{z : a < d(z,y) + ¢(z) + ¢(y) < b} and y(a,b) = w1
If 2,y # 3, then d(Tz, Ty) + o(Tz) + ¢(Ty) = 0. It implies that
d(Tx, Ty) + o(Tx) + ¢(Ty) < y(a,0)M'(2,y, ).
Ifx;é%,y:%, then
d(Tz, Ty) + ¢(Tz) + p(Ty) = d(3,0) + ¢(3) + ¢(0) =
d(z, Ty) + ¢(x) + ¢(Ty) = d(z,0) )
This proves that

Y(a,D)M'(z,y,0) = ~(a,b)ld(x,Ty) + (x) + ¢(Ty)]

n(a,b) + 1(x +1)

1
= d(Tz,Ty) + o(Tx) + o(Ty).

v

Ifxz%,y;é%,then

d(Tz,Ty) + o(Tx) + o(Ty) = d(0,5) + ©(0) + ¢(3) = 1,
d(y, Tx) + ¢(y) + ¢(Tx) = d(0,y) + »(0) + p(y) =y + 1
This proves that

Y(a, b)M'(x,y,0) > ~(a,b)d(z, Ty) + () + ¢(Ty)]

- n(a, ;) + 1(y 1)
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> 1
= d(Tz,Ty) + o(Txz) + ¢(Ty).
By the above, we see that, for all z,y € X with
a < d(z,y) + ¢(x) +@(y) <b
there exists y(a,b) € (0,1) such that
d(Tz, Ty) + o(Tx) + ¢(Ty) < v(a,b)M'(2,y, ¢)
but T has no any fixed point.

Unfortunately, we do not know whether the conclusion of Theorem 2.1
hold if we replace M(x,y, ) in (1) by

N(z,y,¢) = max{d(z,y)+ () + @(y),d(z, Ty) + p(x) + ¢(Ty)}
or by

N(z,y,¢) = max{d(z,y)+e(z)+¢(y),dy,Tz) + ¢(y) + ¢(Tz)}
or by

N(z,y,p) = max{d(z,y) + ¢(x) + @(y),d(z,Tx) + p(x) + ¢(Tx),

d(y, Ty) + ¢(y) +¢(Ty)}-
With some minor changes in the proof of Theorem 2.1, we get the second
result which contains d(y, Ty) + ¢(y) + ¢(T'y) in the contraction condition.

Theorem 2.2. Let (X,d) be a complete metric spaces, ¢ : X — [0,00) be
a lower semi-continuous function and T : X — X be a map. Suppose there
exists k € (0,1) such that for all x,y € X,

(23) d(Tz, Ty) + o(Tz) + ¢(Ty)
< kmax {d(z,y) + o(z) + ¢(y), d(z, Tz) + () + ¢(Tx),
d(y, Ty) +¢(y) + o(Ty)}.
Then T has a unique fived point z* € X. Moreover, p(z*) = 0.

Proof. Define the sequence {x,} and ¢, as in the proof of Theorem 2.1.
From (23), we have

(24) 5n+1

= d(@n+1,Tn42) T P(Tnt1) + ©(Tni2)

= d(Txn, Txps1) + o(Tan) + (Trpir)

k max {d(xn, Tnt1) + 0(zn) + P(@nt1), d(@n, Tzn) + p(20) + 9(T2n),
d(@n+1, Topi1) + @(Tn41) + @(T2ni1) }

k max {d(rcn, Tnt1) +0(n) + @(Tnt1), d(Tn; Tnt1) + @(Tn) + (Tnt1),
d(Tp+1, Tni2) + @(Tn+1) + @(xn+2)}

= kmax {6n,5n+1}.

IN

IN
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Since k € (0,1), from (24) we get 0,41 < 0, for all n € N. Then there exists
r > 0 such that li_>m 0n, = r. Taking the limit as n — oo in (24), we get
n oo

r < kr. Since k € (0,1), 7 = 0. Therefore,
(25) lim d, = 0.

n—oo
As in the proof of Theorem 2.1, we obtain li_>m x, = z* and p(z*) = 0.
n oo

Also denote I and J as in the proof of Theorem 2.1, we only consider the
case J is infinite. From (23), we have

(26) d(Tppy+1, TT*) + (Trp)41) + (Tz")
< kmax {d(z,), 7°) + @(zn) + ("),
A(@n(p)s Tnip)+1) T P(Tn(p)) + O(Tnp)+1);
d(z*, Ta") + (") + p(Tz") }.
Taking the limit as p — oo in (26), we get
d(z*,Tz") + p(Tz*) < k[d(z*, Tz") + o(Tx™)].
It implies that d(z*,T'z*) = 0. Therefore, 2* is a fixed point of T". The rest
of the proof is similar to the proof of Theorem 2.1. O

From Theorem 2.2, we get [13, Theorem 2.3|, [13, Theorem 2.4] as direct
consequences.

Corollary 2.2 ([13|, Theorem 2.3). Let (X, d) be a complete metric spaces,
v : X — [0,00) be a lower semi-continuous function and T : X — X be a
given mapping. Suppose that there ezists a constant v € (0,1/2) such that
forallxz,y € X,

(27) d(Tz,Ty) + ¢(Tx) + ¢(Ty)
< Ald(z, Tz) +d(y, Ty) + ¢(x) + ¢(y) + ¢(Tz) + o (Ty)].
Then T has a unique fixed point z € X. Moreover, ¢(z) = 0.

Proof. The contraction condition (27) is a special case of (23) with k =
27. O

Corollary 2.3 ([13], Theorem 2.4). Let (X,d) be a complete metric spaces,
v : X — [0,00) be a lower semi-continuous function and T : X — X be a
given mapping. Suppose that there exists a constant a, 3,y € [0,00), with
a+ B4y <1 such that for all z,y € X,

(28) d(Tz,Ty) + ¢(Tx) + ¢(Ty)
< ald(z,y) + o(x) + o)) + Bld(z, Tx) + p(x) + ¢(T'z)]
+[d(y, Ty) + ¢ (y) + o(Ty)).
Then T has a unique fived point z € X. Moreover, p(z) = 0.
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Proof. The contraction condition (28) is a special case of (23) with k =
a+B+7. O

The following example shows that Theorem 2.2 is a proper generalization
of [13, Theorem 2.3] for a map 7" on a complete metric space (X,d) with
some .

Example 2.3. Let X = [0, 1] with the usual metric d, Tz = § forallz € X

and
@ 0, ifzel0,i];
xr) =
i 1, ifze(3,1].
Then (X, d) is a complete metric space and ¢ is lower semi-continuous. For
x:Oandy:%,wehave

1
d(Tx, Ty) + ¢(Tz) + ¢(Ty) = (0, 5) +¢(0) + ¢(5) = 5
and
d(z,Tx) +d(y, Ty) + () + ¢(y) + ¢(Tz) + ¢(Ty)
= d(0,0) +d(3,5) +2(0) + ¢(3) + »(0) + ¢(5)
2
o
This proves that (27) does not hold for any v € (0, %) Then Corollary 2.2
is not applicable to T and ¢ on (X, d). However, we have

|z — y|

d(Tz, Ty) + o(T2) + o(Ty) = —

and

max {[d(z, y) + ¢() + (y)], [d(z, Tx) + ¢(z) + (Tx))],
[d(y, Ty) + o(y) + ¢(Ty)]}
> d(z,y)
= |z -yl
This proves that (23) holds with k = %.
Then Theorem 2.2 is applicable to 7" and ¢ on (X, d).

By using the argument in [13, Section 3|, we get following fixed point
theorems in partial metric spaces that are generalizations of preceding ones
in [13].

Corollary 2.4. Let (X,p) be a complete partial metric spaces, p : X —
[0,00) be a lower semi-continuous function and T : X — X be a map.
Suppose that for any 0 < a < b < oo, there ezists y(a,b) € (0,1) such that
forallz,y € X,

(29) a<p(z,y) <b = p(Tz,Ty) <~(a,b)max {p(z,y),p(z, Tz)}.
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Then T has a unique fived point x* € X. Moreover, p(z*,x*) = 0.
Proof. By using the notation in Lemma 1.1, we have

dp(z,y) + p(z,2) + p(y, )
2

for all ,y € X. Since (X, p) is a complete partial metric space, (X, d,) is
a complete metric space by Lemma 1.2. Put ¢(z) = p(z,x) for all x € X.
Then, by the assumptions, for any 0 < a < b < 400, there exists v(a,b) €
(0,1) such that for all z,y € X,

2a < dp(z,y) +¢(x) + o(y) <20

= dp(Tz,Ty) + o(Tx) + ¢(Ty)

S 7(a7 b) max {dp(xa y) + 90(33) + So(y)a dp(fL‘, T(L‘) + 90(1') + SO(T:E)}
As in the proof of [13, Corollary 3.1], we see that ¢ is continuous. Then the
desired conclusion follows immediately from Theorem 2.1. g

p(x,y) =

Corollary 2.5. Let (X,p) be a complete partial metric spaces, ¢ : X —
[0,00) be a lower semi-continuous function and T : X — X be a map.
Suppose there ezists k € (0,1) such that for all z,y € X,

(30) p(Tz, Ty) < kmax {p(z,y),p(z,Tz),p(y, Ty)}.
Then T has a unique fived point x* € X. Moreover, p(z*,x*) = 0.

Proof. Similar to the proof of Corollary 2.4. O
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